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The Planar Rotator

Hon =] ) Si-§5=] ) (SESF+575)) =] cos(6: - 6))

(L.J) (6.J) (L.J)

S =|S|(cos 8 % + sin 6 )

This model has no true dynamics because jZ =0

To introduce some dynamics let us consider the Anisotropic Heisenberg model
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The XY Model

Anisotropic Heisenberg

Hyy =J z S-S =] 2(555}‘ +57SY +257S7)
@ @

S = |S|(cos © cos®x + cosO sin P § + sind 2)
Now, we consider:

e Oissmall
* 0 and ® vary smoothly
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The XY Model
Continuum Limit

e a?9* e
ax 2 0 x2

Ourj = Ox+a,y)=0OK.y)+a +0(a’),

36 N a? 9% O O + ()
— COS (= a ),
dx 2 dx?

a
sin((é}ii]‘j)‘ = sin® + E(Sin & F2cosO)

a 00 @’ 9*e
SiN(@jx1) = sinO £ —(sin® F2cos O)— + ———-cos @ + 0(a?),
2 ay 2 0y?
| o a .. e a? e ,
COS(@jx1j) = cosS® £ —(cos@ £ 2siNE)— + —— sin® + 0O(a’),
| 2 dx 2 0x?

cos(@jjr1) = cos @ + %( 1 (62 &

2
CoS(Pjj — Pixr1j) =1— Eﬂz 52 + O(ﬂg)) :
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The XY Model
and the Plane Rotator

Taking the limit a — 0, and retaining only termos up to 0(2) (We use A = 0)

= fan (53) + (55) ]

Ty = f dye Tip S@i=2)  dp = ddiddb, ... dP,dO,dO, . .. d6),

The integrals over the out-of-plane angle fluctuations, ®, can readily be done, so that,
the averages of in-plane quantities doesn’t depends on © in a clear indication that it is
in the same universality class as the Planar Rotator model.
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The XY Model
Equations of Motion

_ asjt .
We start written: = ih[Hxy,S'] where a = x,y,z
In terms of the . 0HId®, .  JHIIO,
spherical angles 0= cos®, © " cos®,

After calculating all commutators and taking the classical continuum limit

O= 2J[cos® V?(cosOsin® ) —sin® V?(cosOcos®)]

—cos®@d=27 {AcosO[sin*®V?sin® + cos> P V3(sin® cos®) | — sin@[ sin® V?(cosOsind ) + cos® V?(cos@cosd ) |}
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The XY Model
Equations of Motion

O=2J [cos® V?(cosOsin®) —sin® V2 (cosOcosd) ]

—cos@d=27 {hcos®[ sin® V2sin® + cos?® V2 (sin® cos® ) | — sin®[ sin® V?(cosOsin® ) + cos® V3 (cos®cosd )] }
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The XY Model
Vortex Solution

O=2J [cos® V?(cosOsin®) —sin® V2 (cosOcosd) ]

—cos@d=27 {hcos®[ sin® V2sin® + cos?® V2 (sin® cos® ) | — sin®[ sin® V?(cosOsin® ) + cos® V3 (cos®cosd )] }

For A # 0 there are

v —71 T T T T T T 0.
BOF " NNV L L i i s . . .
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Dynamics — Free vortex gas model

Borrowed from an older 1d model (H.J. Mikeska, Journal of Physics C 11 (1978) L29)

T e

Vortex gas model : F.G. Mertens, A.R. Bishop, G.M. Wysin, C. Kawabata, Physical Review Letters
59 (1987) 117.

Vortices are too large to move. The model doesn’t work.
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Dynamics

Vortex Behavior T
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Dynamics

Vortex-antivortex
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There is a local magnetization m & r;

In @ neutron scattering experiment we
measure the local fluctuations of m

The quantity we want is:

G(r, t)"’(r'oz)(ppair (0,0)ppqir (T, t))
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Dynamics
Vortex-antivortex

——— Symbols: Simulation data
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Dynamics — Magnon-Vortex interaction

(Phase shifts)

O=2J[cos®V?(cosOsind) —sin®V?(cosOcosd)]

—cos®d= 27\ cosO[sin’®V2sin® + cos’® V2 (sin® cos® ) | — sin®[ sin® V(cosOsin® ) + cos® V?(cos@ cos® ) ]}

The behavior of small oscillations in presence of a vortex is given by solutions of the eq. of motion of the
form® = 0 and ® = &, + ¢, where 0,¢p K 1 and D, is the static vortex solution

Only large wavelengths are relevant.
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Dynamics - Conclusion

Vortices don’t become “free” at high temperature.

The phase transition occurs when pairs vortices-antivortices are spontaneously created

The central peak is due to a vortex-antivortex creation annihilation process.
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The KT Transition

G~r~1() N(Tpgr) = 1/ 4 G~e_r/ 3
G(r) =(S(0)-S()) | z
Y
A critical line T oxr
Renormalization results
1 _
N(Tgkr) = 1/4 £(T) ~ e(bt /2) L p= T — Tkt
Tpkr

2 21 T > T
Myy = Z \/(mx)z + (my) =0 Xxy — T(mxy (mx}’>) = {io T < T:IfTT

C,

H((E — (E))?) is finite. The free energy is C*
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The BKT t

tion — Fisher Zeros
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The BKT transition — Fisher Zeros
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Final Remark

As expected from the Mermin-Wagner theorem there is no long-range order in this model

The correlations decay to zero in both sides of Tggr

However, the quasi-long range order at low T is enough to create a quasi-ordered phase

That is the origin of the superfluid transition in Bose fluid films and harmonically-trapped
two dimensional ultracold Bose gases.

In other words:

The absence of BEC implies that lim G(r) = 0; however, if

T — 00

phase coherence falls slowly enough this shall turn out to be
sufficient to induce superfluidity.

3/21/18

KOLKATA- BOSE NATIONAL CENTRE FOR BASIC SCIENCES 20



Thank you for your attention

Special thanks for this kind invitation
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